Generalized frames (g-frames) are natural generalization of standard frames whereas generalized frames for operators (Θ-g-frames) are g-frames in which the lower frame inequality is controlled by a linear bounded operator Θ on a Hilbert space. In this article, we study weaving properties of g-frames and Θ-g-frames. We present some sufficient conditions for Θ-g-frames to be woven. It is shown that the family of Θ-g-frames obtained by applying bounded operators (whose adjoint operator is surjective) to a family of weaving Θ-g-frames is woven. A class of weaving generalized frames is established by generalized frame operator. A Paley-Weiner type perturbation result for weaving Θ-g-frames is presented. Finally, we show that weaving g-Riesz bases need not behave same as weaving ordinary Riesz bases.
Introduction
The concept of frames was originally introduced by Duffin and Schaeffer in [1] . Now a days frames play a very important role in many fields like processing and transmission of signals, image processing, communication, and many more areas [2, 3] . In [4] , Gǎvruta introduced the concept of K-frames. In K-frames, the lower frame inequality is controlled by a bounded linear operator K on a Hilbert space. Sun [5] gave another generalization of ordinary frames by introducing generalized frames which are simply called g-frames. A g-frame is a sequence of bounded linear operators while an ordinary frame is a sequence of vectors in a Hilbert space. Then Asgrai and Rahimi [6] introduced the notion of Θ-g-frames by using the concept of K-frames and g-frames. A Θ-g-frame is a sequence of bounded linear operators where the lower frame inequality is controlled by Θ.
Suppose H is a separable Hilbert space with an inner product ., . and norm f = f, f . Let M be a countable set. Then {f m } m∈M ⊆ H is called a frame (or ordinary frame) for H if there exist positive constants A and B such that for any f ∈ H,
(1)
The constants A and B are called lower and upper frame bounds, respectively. If {f m } m∈M satisfies only upper inequality in (1) , then it is called a Bessel sequence and B is called a Bessel bound.
If there exists an m o ∈ M such that the family {f m } m∈M\{mo} is a frame for H, then {f m } m∈M is called a non-exact frame for H. A frame which is not non-exact is called an exact frame.
Associated with a Bessel sequence {f m } m∈M , frame operator S : H → H is defined by
The frame operator S is linear, bounded and self adjoint. Additionally, if the Bessel sequence {f m } m∈M is a frame then its associated frame operator will be invertible. Using the frame operator, we have a series representation of each vector f ∈ H in terms of frame elements which is given by
But a frame can provide more than one series representation of a vector in terms of frame vectors. This redundancy of frames is very useful in signal processing, filtering of noises and transmission of signals. For basic theory and numerous applications of frames, one can see [2, 3, 7 ].
Weaving frames:
Bemrose et. el. [8] introduced the concept of weaving frames in Hilbert spaces. Weaving frames have potential application in distributed signal processing. Let [n] = {1, 2, . . . , n}. {f mi } m∈σ i is a frame for H with lower frame bound A (called universal lower frame bound) and upper frame bound B (called universal upper frame bound).
It was proved in [8] that if a family of Riesz bases are weaving frames, then each weaving is also a Riesz basis. Some basic properties of weaving frames were studied in [9] . Then the concept of weaving frames in Hilbert spaces was extended to Banach spaces in [10] . A characterization for the weaving of approximate Schauder frames in terms of C-approximate Schauder frame was presented. The concept of weaving of infinitely many frames was studied by Deepshikha and Vashisht [11] . Various necessary conditions were presented for the weaving of infinitely many frames in Hilbert spaces. The concept of weaving discrete frames was extended to weaving continuous frames in [12, 13] . Weaving properties of Θ-g-frames, g-frames, and fusion frames can be found in [14, 15, 16 ].
Outline of the paper:
In section 2, we give some relevant basic definitions and results. In section 3, we present some sufficient conditions for weaving g-frames and weaving Θ-g-frames. It is shown in Theorem 3.3 that the family of Θ-g-frames obtained by applying bounded operators (whose adjoint operator is surjective) to a family of weaving Θ-g-frames is woven. In general, a Θ-g-Bessel sequence need not be a Θ-g-frame. But Theorem 3.2 presents the sufficient condition for a family of Θ-g-Bessel sequences to be weaving Θ-g-frames. Theorem 3.4 presents a class of weaving Θ-g-frames which is generated by generalized frame operator. A sufficient condition is obtained to weave Θ-g-frames with its dual Θ-g-frames in Theorem 3.5. Finally, we present a Paley-Wiener type perturbation result for weaving Θ-g-frames in Theorem 3.6.
In section 4, we discuss weaving properties of generalized Riesz bases (g-Riesz bases). A characterization of weaving g-Riesz bases in terms of weaving ordinary Riesz bases is given in Theorem 4.1. It is shown in Theorem 4.2 that if a family of g-Riesz bases are weaving g-frames, then every weaving must be a g-Riesz basis. Example 4.1 shows that the weaving property of exact g-frames need not be same as the weaving property of g-Riesz bases. Example 4.2 shows that unlike ordinary Riesz basis, it is possible to weave a g-Riesz basis with a g-frame which is not a g-Riesz basis.
Preliminaries
In this section, we give some notations, basic definitions, and results on g-frames, K-frames and Θ-g-frames in Hilbert spaces. We start by giving some notations. B(X , Y) represents the space of all linear bounded operators from a Banach space X to a Banach space Y. If X = Y, then we write B(X , Y) = B(X ). For K ∈ B(X , Y), R(K) denote the range of operator K. If U ∈ B(H, K), then U * denotes the Hilbert-adjoint operator of U, where H and K are Hilbert spaces. The abbreviation w.r.t. stands for with respect to.
Generalized frames in Hilbert spaces
Sun [5] introduced the concept of generalized frames (g-frames). g-frames are the generalization of many frames like ordinary frames, fusion frames and bounded quasi-projectors [5, 17, 18] . Let {H m } m∈N be a sequence of separable Hilbert spaces. 
Here S Λ is a bounded linear operator. If {Λ m } m∈N forms a g-frame for H, then S Λ is invertible.
(ii) There exist constants A, B > 0 such that for any finite set J ⊆ N and for any
Sun [5] characterized g-Riesz basis in terms of ordinary Riesz basis using orthonormal basis. 
K-frames and Θ-g-frames in Hilbert spaces
Gǎvruta [4] introduced the concept of K-frames, where K ∈ B(H).
Ordinary frames are also K-frames for K = I H , where I H denotes the identity mapping on H. The upper inequality in (3) shows that every K-frame is a Bessel sequence and hence it has the associated frame operator. The frame operator associated with an ordinary frame is always invertible on H while the frame operator of a K-frame is invertible on R(K), where R(K) ⊂ H is closed.
Using the concept of both K-frames and g-frames, Asgari and Rahimi [6] introduced the new concept of Θ-g-frames. 
If {Λ m } m∈N satisfies the upper inequality in (4), then it is called a Θ-g-Bessel sequence and B is called a Θ-g-Bessel bound.
We end this section by the concept of pseudo inverse operator which can be found in [3] and by stating one result of operator theory.
Suppose H 1 and H 2 are Hilbert spaces and V ∈ B(H 1 , H) . Then the following are equivalent:
Weaving Θ-g-frames and Weaving g-frames
We begin with the definition of weaving g-frames and weaving Θ-g-frames in separable Hilbert spaces.
is called woven if there exist universal positive real numbers A (called universal lower g-frame bound) and B (called universal upper g-frame bound) such that for any partition
{Λ mi } m∈σ i is a g-frame for H with lower g-frame bound A and upper g-frame bound B.
Following theorem is about the existence of universal upper Θ-g-frame bound for any family of Θ-g-frames.
It is to be observed that an ordinary frame is a K-frame for H for any K ∈ B(H). 
Therefore, {f m } m∈N is a K-frame for H with lower and upper bounds AA o and B, respectively.
Using the above observation, we obtain the following sufficient condition for weaving Θ-g-frames. In the following theorem, H m , W m ⊆ H, for each m ∈ N. 
Hence, {Λ m } m∈N and {Ω m } m∈N are woven with universal lower Θ-g-frame bound min{A 1 , A 2 } and universal upper Θ-g-frame bound B 1 + B 2 .
Following corollary can be obtained by taking Θ = I H (identity operator on H). In the next result, we present sufficient condition to weave Θ-g-Bessel sequences into Θ-g-frames.
Then {Λ m } m∈N and {Ω m } m∈N are woven Θ-g-frames for H. 
Thus, for any f ∈ H, we have
Hence, {Λ m } m∈N and {Ω m } m∈N are woven Θ-g-frames.
Next example is an illustration of Theorem 3.2. Then for any f ∈ H, we have Aldroubi [20] characterized all operators that transform frames into other frames. Casazza and Lynch showed in [9] that a family of ordinary frames obtained by applying an invertible operator to the family of ordinary weaving frames is woven. It was proved in [15] that weaving Θ-g-frames remains to be woven if an invertible operator applied on them. In the following theorem, we show that the condition of invertible operator can be weaken and the surjectivity of the adjoint operator will suffice. 
This shows that min
is a universal lower bound. To find a universal upper bound, we compute Define U, V : ℓ 2 (N) → ℓ 2 (N) as U(a 1 , a 2 , a 3 , . . .) = (0, a 1 , a 2 , a 3 , . . .) V (a 1 , a 2 , a 3 , . . .) = (0, 0, a 1 , a 2 , a 3 , . . .).
Then U and V are linear bounded and non invertible operators. Further, we have U * (a 1 , a 2 , a 3 , . . .) = (a 2 , a 3 , a 4 , . . .) V * (a 1 , a 2 , a 3 , . . .) = (a 3 , a 4 , a 5 . . .). In the following theorem, a class of weaving g-frames is obtained using generalized frame operator. 
Thus
Thus, min A, A B 2 is a universal lower g-frame bound. To find a universal upper g-frame bound, we compute
Hence, {Λ m } m∈N and {Λ * m S −1 Λ } m∈N are woven g-frames for H with universal lower g-frame bound min A, A Next theorem gives the sufficient condition to weave a Θ-g-frame with its dual Θ-g-frame. Let σ ⊆ N be arbitrary. Since Λ * m Γ m is self adjoint and using Cauchy Schwartz inequality, we have
Therefore, {Λ m } m∈N and {Γ m } m∈N are woven Θ-g-frames for H with universal lower Θ-g-frame bound min 1
Corollary to the above theorem gives the sufficient condition to weave a g-frame with its dual g-frame. Then for any f ∈ H, we have In the below theorem, we present a perturbation result for the weaving of Θ-g-frames. 
and
then {Λ m } m∈N and {Ω m } m∈N are woven Θ-g-frames for H with universal lower and upper Θ-g-frame bounds A 2 2 − 3 Θ † 2 α 2 B 1 + β 2 B 2 + m∈N |γ m | 2 and B 1 + B 2 , respectively.
Proof. Using ΘΘ † = I R(Θ) = I H , we have Θ † * Θ * = (ΘΘ † ) * = I * H = I H . Thus, for any f ∈ H
Let σ ⊆ N be arbitrary. Using 5 and 7, we compute
is a universal lower Θ-g-frame bound and by Proposition 3.1, B 1 + B 2 is a universal upper Θ-g-frame bound.
We end this section with an example to illustrate Theorem 3.6. For any f ∈ H, we have
Then {Λ m } m∈N is a Θ-g-frame for H with lower and upper bounds A 1 = 1 and B 1 = 3, respectively. Similarly, {Ω m } m∈N is a Θ-g-frame for H with lower and upper bounds A 2 = 1 and B 2 = 3, respectively. Choose α = β = 1 10 and γ m = 0 for all m ∈ N.
Then 
Weaving g-Riesz bases
Sun [5] characterized g-Riesz basis in terms of ordinary Riesz basis. As a corollary to the Sun's result, Vashisht et. al. [14] characterized weaving g-Riesz bases in terms of weaving ordinary Riesz bases by using ordinary orthonormal basis. In the following theorem, we present a necessary and sufficient condition for weaving g-Riesz bases in terms of ordinary weaving Riesz bases by using ordinary Riesz bases. 
To prove the forward part of the theorem, let {Λ m } m∈N and {Ω m } m∈N be weaving g-Riesz bases for H with universal lower and upper g-Riesz bounds γ and δ, respectively.
Let σ and J be arbitrary subsets of N such that |J| < ∞. Then for any {c m,i } i∈Pm,m∈N ∈ ℓ 2 , we compute m∈σ∩J i∈Pm Let σ and J be arbitrary subsets of N such that |J| < ∞. For any g m ∈ H m , we have Cassaza et. al. [8] proved if the family of Riesz bases are woven frames, then each weaving is not only a frame but also a Riesz basis. We extend this result in the context of g-Riesz basis. The idea of the proof is similar to Theorem 5.3 in [8] . It is well known that the concept of ordinary Riesz basis and ordinary exact frames are equivalent. But it was shown by Sun [5] , an exact g-frame need not be same as g-Riesz basis. A g-Riesz basis is always an exact g-frame but the converse is not true. However, Theorem 4.2 need not hold true if we replace g-Riesz bases by exact g-frames. In the following example, we show the existence of exact g-frames such that they are woven g-frames but the weaving is not always an exact g-frame. Weaving generalized Riesz bases do not behave same as weaving ordinary Riesz bases. It was proved by Cassazza et. al. [8] that a frame cannot be woven with a Riesz basis. However, this is not true for generalized Riesz bases. Following example gives the existence of a g-frame which is not a g-Riesz basis and a g-Riesz basis such that they are woven. Therefore, {Λ m } m∈N is a g-frame for H w.r.t. ℓ 2 (N) but it is not an exact g-frame as {Λ m } m∈N\{2} is also a g-frame. Since a g-Riesz basis must be an exact g-frame, {Λ m } m∈N is a g-frame but not a g-Riesz basis for H. 
